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ABSTRACT
Inward migration of low-mass planets and embryos of giant planets can be stopped
at the disc-cavity boundaries due to co-orbital corotation torque. We performed the
first global three-dimensional (3D) simulations of planet migration at the disc-cavity
boundary, and have shown that the boundary is a robust trap for low-mass planets
and embryos. A protoplanetary disc may have several such trapping regions at various
distances from the star, such as at the edge of the stellar magnetosphere, the inner
edge of the dead zone, the dust-sublimation radius and the snow lines. Corotation
traps located at different distances from a star, and moving outward during the disc
dispersal phase, may possibly explain the observed homogeneous distribution of low-
mass planets with distance from their host stars.
Key words: accretion discs, hydrodynamics, planet-disc interactions, protoplanetary
discs
1 INTRODUCTION
Thousands of planets were discovered by COROT, Kepler,
K2, and other space and ground-based telescopes (3,989
planets, February 19 2019, see exoplanet.eu; see also, e.g.
Borucki et al. 2010). The current distribution of planets re-
flects the complex history of their formation in protoplane-
tary discs, and their dynamical interaction with their discs,
host stars, and other planets (e.g. Winn & Fabrycky 2015).
Most of the planets observed at the distances of 0.1-
1 AU from their host stars have relatively low masses,
Mp ∼ 1 − 30M⊕. These planets are almost homogeneously
distributed 1 with respect to their orbital periods (e.g.
Fressin et al. 2013; Winn & Fabrycky 2015). These planets
have different radii in the range of 1R⊕ . Rp . 4R⊕ (see
Fig. 1 from review by Kaltenegger 2017; see also Zeng, Sas-
selov & Jacobsen 2016). Some of them have higher densities
and are expected to be predominantly rocky, while others
have lower densities and are expected to be predominantly
gaseous. Gaseous planets are expected to form when a sig-
nificant amount of gas is present in the disc during planet
? E-mail of corresponding author: romanova@astro.cornell.edu
1 After removing the selection effect (Fressin et al. 2013).
formation. If a disc is present during planet formation, then
the newly-formed planets interact with the disc gravitation-
ally and migrate. Their migration time scale is expected to
be lower than the time scale of planet formation (e.g. Lin &
Papaloizou 1986).
In addition, a significant number of more massive,
Jupiter-sized planets are present in the planetary data set.
These planets are expected to form in gaseous discs, start-
ing from seed rocky cores (embryos) of a few Earth masses
(e.g. Pollack et al. 1996). These rocky cores can also migrate
rapidly and fall onto the star before a planet can form.
Low-mass planets and rocky embryos of giant plan-
ets are expected to migrate in the Type I regime, where
the planet does not open a gap. The torque acting on a
planet consists of two components: the differential Lindblad
torque and the corotation torque (Goldreich & Tremaine
1979, 1980; Lin & Papaloizou 1979; Ward 1986, 1997). The
Lindblad torque arises from the tidal interaction of a planet
with the disc, which leads to the formation of two spiral den-
sity waves that exert positive and negative torques on the
planet. The cumulative Lindblad torque is typically nega-
tive. The corotation torque arises from the interaction of a
planet with the co-orbital matter; it is usually positive. In
a typical accretion disc, where the surface density smoothly
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decreases with distance from the star (e.g. Hayashi 1981),
the negative Lindblad torque is usually larger (in absolute
value) than the corotation torque, and the planet migrates
inward towards the star. For a planet located at a few AU,
the time scale of migration is smaller than both the time
scale of planet formation and the life time of the disc. There-
fore, many planets and rocky embryos are expected to mi-
grate to small radii, and may fall onto their host stars (e.g.
Lin & Papaloizou 1986, see also review paper by Kley & Nel-
son 2012). This picture of migration does not correspond to
the observed dispersed distribution of low-mass planets with
distance from their host stars (e.g. Winn & Fabrycky 2015).
In recent years, different factors that may slow down
or reverse migration were taken into account, such as (a)
density and temperature gradients in the disc (e.g. Masset
2001; DA´ngelo & Lubow 2010; Lega et al. 2014; Masset &
Benite´z-Llambay 2016), (b) turbulence in the disc (e.g. Nel-
son 2005), (c) magnetic fields (e.g. Terquem 2003; Fromang
et al. 2005; Baruteau et al. 2011; Comins et al. 2016; Mc-
Nally et al. 2017, 2018), and other factors (see review papers
by Masset 2008; Kley & Nelson 2012; Baruteau et al. 2014,
2016).
In particular, it has been shown that, if some parts
of the disc have positive density gradients, then the pos-
itive corotation torque dominates over the negative Lind-
blad torque, and the planets can either migrate outward or
the migration may stall (e.g. Masset 2001; Tanaka et al.
2002; Masset et al. 2006a; Masset 2008; Paardekooper &
Papaloizou 2009a).
Strong positive density gradients are expected at the
transition region between the disc and the inner gap or cav-
ity, where the density is lower than that in the disc (Masset
et al. 2006a). Such cavities can be associated with transition
regions in the disc, such as the magnetospheric boundary, a
dead zone, the dust sublimation radius, and the radius of the
snow line (e.g. Masset et al. 2006a; Morbidelli et al. 2008;
Ida & Lin 2008; Hasegawa & Pudritz 2011).
Masset et al. (2006a) studied the effects of corotation
torque on the migration of planets in the vicinity of a cav-
ity edge using 2D hydrodynamic simulations. In their study,
low-mass planets (1.3-15 M⊕) were allowed to migrate in
an accretion disc with a lower-density cavity. Far from the
cavity boundary, planets migrated inward as usual due to
the differential Lindblad torque. However, as the planets
approached the density transition, the authors found that
the corotation torque contributed a positive torque, creat-
ing a stable planet trap where the net torque is zero and the
inward migration is halted. Instead of migrating into the
cavity (as would be expected if the Lindblad resonance were
dominant), the migration of planets halts while they are still
in the disc due to the action of the corotation torque. The
authors have shown that planets are stably trapped at the
boundary, and when the boundary changes its position the
trapped planets move together with the boundary.
Morbidelli et al. (2008) investigated the planet trap
mechanism as a way of avoiding the inspiral problem, fo-
cusing on the case where the planet embryos are trapped
at the cavity boundary, allowing for a gradual buildup of
giant-planet cores.
Liu et al. (2017) studied the trapping of low-mass plan-
ets at a sharp disc-magnetosphere boundary using a semi-
analytical approach. Here, the authors have shown that
the one-sided positive corotation torque at the boundary
is larger than the one-sided negative Lindblad torque for
a wide range of low-mass planets. The authors consid-
ered evolving discs, where the disc-magnetosphere boundary
moves outward during the disc dispersal phase. They sug-
gested that the planets move with the boundary as long as
the surface density in the disc is sufficiently high. The au-
thors proposed this mechanism for explaining the observed
dispersed distribution of planets at r . 1 AU 2.
In this study, we investigate for the first time the mi-
gration of low-mass planets and embryos at the disc-cavity
boundary using global three-dimensional (3D) simulations.
In Sec. 2, we discuss the problem setup. In Sec. 3, we show
the details of our numerical model. In Sec. 4, we describe our
results. In Sec. 5, we discuss the applications of our model.
In Sec. 6, we conclude. In Appendixes A and B, we show
the results of our simulations for discs with different aspect
ratios and at different viscosities in the disc, respectively.
2 PROBLEM SETUP
We consider the migration of the low-mass planets at the
disc-cavity boundary using global 3D simulations.
Initial conditions. The simulation region consists of a
disc, which is truncated at the radius of r = rd = rcav,
a low-density cavity located at r < rcav, and a low-density
corona above and below the disc. Initially, the matter in the
disc is dense and cold, while the cavity and corona are filled
with hot, lower density gas. In most of the simulation runs,
we take a disc with an aspect ratio of h = H/r = 0.03,
which is determined at time t = 0 at the inner edge of the
disc, r = rcav. The scale height of the disc is H = (cs/vK)r,
where cs and vK are the sound speed and Keplerian velocity,
respectively 3.
We calculate the equilibrium distribution of density and
pressure in the disc and corona using the following method.
First, we determine the equilibrium in the equatorial plane.
The initial radial density and pressure distributions are
given by
ρ(r, 0) =
 ρcav
(
r
rcav
)−n
if r < rcav
ρd
(
r
rcav
)−n
if r > rcav
, (1)
and
p(r, 0) = pd
(
r
rcav
)−l
. (2)
Here, ρcav, ρd and pd set the cavity density, disc density
and pressure, respectively, at r = rcav (in the equatorial
plane). Parameters n and l specify the radial profile of the
disc density and pressure, respectively. We use the values
n = 1.5 and l = 1.5 in all simulation runs.
2 Liu et al. (2017) have also shown that, in the case of two planets
migrating simultaneously in the disc, the outward motion of the
inner (trapped) planet takes the system out of the mean-motion
resonance, which is expected in the case of migrating planets but
is usually not observed (e.g. Cresswell & Nelson 2006).
3 In the test cases, we also study migration in discs with larger
aspect ratios: h = H/r = 0.05 and 0.1 (see Appendix A).
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Figure 1. Left panels: rz-slices through the disc showing the density distribution (colour background) at t = 0, 20, 100. Vertical line in
the top panel shows the position of the sharp density gradient at t = 0. Dashed lines in the middle and bottom panels show approximate
boundaries for the large positive gradient (1.4 . r . 1.6) at t = 20 and t = 100. Right panel: radial distribution of the azimuthally-
averaged surface density, Σavg, at the disc-cavity boundary at t = 0, 20, 50, 100.
Near the inner edge of the disc (r = rd), the pressure in
the inner disc should be equal to the pressure in the cavity,
pd = pcav. In the equatorial plane, the dimensionless tem-
perature is related to density and pressure by the ideal gas
law, RT (r, 0) = p(r, 0)/ρ(r, 0) 4.
Next, we assume that there is a hydrostatic equilibrium
in the vertical direction and build the 3D distribution of
density and pressure:
ρ(r, z) = ρ(r, 0) exp
(
Φ(r, 0)− Φ(r, z)
RT (r, 0)
)
, (3)
where Φ(r, z) = −GM∗/(r2 + z2)1/2 is the gravitational po-
tential of the star. The expression for pressure is analogous.
The azimuthal velocity vφ is set by the balance of gravity
and pressure gradient forces in the radial direction:
vφ(r, z) =
√
r
(
∂Φ
∂r
+
1
ρ
∂p
∂r
)
. (4)
These formulae allow us to start from a quasi-equilibrium
configuration for the disc and the cavity.
We calculate the surface density distribution in the disc
by integrating the volume density ρ in the z−direction:
Σ =
∫
ρdz ∝ Hρ ∝ csρ
Ω
∝
√
pρ
Ω
∝ r 3−n−l2 . (5)
Here, cs ∝
√
p/ρ is the sound speed. The slopes of n = 1.5
and l = 1.5 in the equatorial density and pressure distribu-
tions result in a flat surface density profile, Σ = const the
disc. Note that the corotation torque strongly depends on
the local positive density gradient at the disc-cavity bound-
ary, while the density distribution at larger (and smaller)
4 Our initial disc is locally isothermal, that is, the temperature
only depends on radius. Subsequently, at t > 0, we calculate the
temperature distribution using the energy equation.
distances from the cavity is not as important. This is why
we choose this initial density distribution and fixed it in all
simulation runs.
Dimensionalization. The simulations are dimensionless
and can be applied to cavities located at different distances
from the star. For dimensionalization, we choose a reference
scale, r0, and place the cavity at the radius of rcav = 1.5r0.
The reference mass is set to the mass of the star, M0 = M∗.
The reference velocity is given by v0 =
√
GM∗/r0, corre-
sponding to the Keplerian orbital velocity at r = r0. We
measure time in Keplerian periods of rotation at r = r0:
P0 = 2pir0/v0. The reference density is ρ0 = M0/r
3
0 and
the reference surface density is Σ0 = M0/r
2
0. The refer-
ence pressure is p0 = ρ0v
2
0 and the reference temperature
is T0 = p0/(Rρ0), where R is the specific gas constant.
The mass of the planet is given by Mp = qpM0. In this
paper, we study the migration of planets with masses Mp =
5M⊕ and Mp = 15M⊕, which correspond to dimensionless
masses qp = 1.5× 10−5 and qp = 4.5× 10−5, respectively.
For each dimensionless quantity Q˜, we recover the phys-
ical value Q by multiplying Q˜ by the corresponding reference
value, Q0: Q = Q˜Q0. For example, in a disc around a 1 M
star with a low-density cavity extending out to rcav = 1
AU, the reference mass is M0 = 1M, the reference length
is r0 = 0.66 AU, the reference velocity is 36.5 km s
−1, the
reference period is P0 = 199 d, and the reference surface den-
sity is Σ0 = 2×107 g cm−2. To obtain the physical values of
these quantities, their reference values must then be scaled
by the dimensionless values obtained from the simulations.
Our dimensionless simulations are applicable to cav-
ities located at different distances from the star. Tab. 1
shows our reference values and the initial values used in
our model. We give examples of reference values for cav-
ities located at rcav = 0.1 AU, 0.5 AU and 1.0 AU from
c© 2002 RAS, MNRAS 000, 1–??
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the star. Corresponding reference values for distance are
r0 = rcav/1.5 ≈ 0.67, 0.33 and 0.067 AU, respectively.
Initial values in the model. The characteristic mass of
the disc is Md0 = qdM0, where qd = 4×10−4. Initial value of
the surface density in the simulations is Σd(t = 0) = qdΣ0,
and therefore the initial dimensionless value of the surface
density is Σ˜d = qd = 4 × 10−4. The initial dimensionless
values of the surface density in the disc and in the cavity
are: Σ˜d = 4× 10−4 and Σ˜cav ≈ 0.072Σ˜d.
The initial dimensionless values of the volume density in
the disc and cavity at the reference point (r = rcav) are taken
to be: ρ˜d = 3.35× 10−3 and ρ˜cav = 10−2ρ˜d = 3.35× 10−5 5.
Initial pressure is p˜d = 2.6× 10−6.
One can obtain dimensional values, using reference val-
ues from Tab. 1 and by multiplying dimensionless values
by reference values ρ0 and p0. For example, for cavity, lo-
cated at rcav = 1 AU, we have ρ0 = 2 × 10−6 g cm−3
and obtain dimensional values ρd = 6.7× 10−9 g cm−3 and
ρcav = 6.7× 10−11 g cm−3.
Taking into account the reference surface density Σ0 =
2× 107 g cm−2 (at r0 = 0.67 AU), one obtains dimensional
values Σd = 8 × 103 g cm−2 and Σcav = 5.6 × 102 g cm−2.
The bottom three rows of Tab. 1 show the initial values of
the disc mass, density and surface density in the disc for cav-
ities located at different distances from the star. The right
column shows different values obtained for the Minimum-
Mass Solar Nebula (MMSN) at the distance of 0.67 AU. As
an example, we used the Hayashi (1981) MMSN, where the
surface density distribution Σ ≈ 1700(r/1AU)−3/2 g cm−2.
In this study, all of the values are given in terms of di-
mensionless units, except where explicitly assigned physical
units. Subsequently in the text, we do not place tilde’s above
dimensionless values.
3 NUMERICAL MODEL
Our code has a hydrodynamics module that models the gas
dynamics in the disc, as well as a planet module that com-
putes the orbital trajectory of the planet that migrates due
to interaction with the disc. In our model, the planet and
disc only interact gravitationally. The disc is assumed to
have negligible self-gravity. We investigate this problem in
global 3D cylindrical r = (r, φ, z) coordinates, implemented
in a Godunov-type code that was developed by our group
(Koldoba et al. 2016).
The equations of hydrodynamics. We model the evo-
lution of the accretion disc using 3D equations of hydrody-
namics, which can be compactly written as
∂tU +∇ · F (U) = Q , (6)
where U is the vector of conserved variables and F (U) is
the vector of fluxes:
U = [ρ, ρS, ρv]T , F (U) = [ρv, ρvS,M]T , (7)
5 Note that these values are different in models with different
values of thickness of the disc, h, see Appendix A.
Figure 2. A schematic diagram of various resonance locations
for a planet of mass Mp = 15M⊕. The plot shows the corotation
region (plotted here as rp ± 3rHill) and the locations of the m =
1− 3 Lindblad resonances.
and Q = [0, 0,−ρ∇Φ] is the vector of source terms. In the
above equations, ρ is the fluid density, S ≡ p/ργ is the func-
tion of the specific entropy (entropy per unit mass, which
we will simply call entropy in this paper) with γ = 5/3, v
is the velocity vector, Φ is the gravitational potential of the
star-planet system (given later on in this section) and M is
the momentum tensor, with components Mij = ρvivj+δijp ,
where δij is the Kronecker delta function and p is the fluid
pressure. In our code, we use the entropy balance equa-
tion instead of the full energy equation, because in problems
which we solve, the shock waves are not expected, at least
shock waves of large intensity where we cannot neglect the
energy dissipation. The advantage of this approach is that
in the entropy balance equation (compared with the full en-
ergy equation) there are no terms which significantly differ
in their values 6.
We include a viscosity term, with the viscosity coeffi-
cient in the form of α−viscosity, νvis = αcsH. In most of our
simulations we take α = 0, so that the disc does not change
its shape during the simulation runs 7.
Migration of a planet. To calculate the migration of a
planet, we first calculate the gravitational potential of the
star-planet system, which is given by
Φ = −GM∗|x| −
GMp
(|x− xp|2 + 2)1/2 +
GMp
|xp|3 x · xp, (8)
where  is a smoothing radius that is added to prevent di-
vergence at the planet’s location (e.g. Nelson et al. 2000).
6 In the energy equation, the main terms are gravitational en-
ergy and the kinetic energy of the azimuthal motion, which can
be much larger than the internal energy and the energy of the
poloidal motion in the vicinity of the gravitational center.
7 We test the migration of planets in discs with different values
of α in Appendix B.
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Reference Unit Reference Values MMSN
Reference mass of the star M0 [M] 1 1 1 1
Position of the disc-cavity boundary rcav [AU] 0.1 0.5 1 1
Reference distance r0 = rcav/1.5 r0 [AU] 0.067 0.33 0.67 0.67
Reference velocity v0 [km s−1] 115 51.6 36.5 36.5
Reference period P0 [days] 6.29 70.3 199 199
Reference density ρ0 [g cm−3] 2.0× 10−3 1.6× 10−5 2.0× 10−6
Reference surface density Σ0 [g cm−2] 2.0× 109 8.0× 107 2.0× 107
Reference pressure p0 [g cm−1 s−2] 2.6× 1011 4.3× 108 2.7× 107
Initial values in the model MMSN
Reference mass of the disc Md0 = 4× 10−4M0 Md0 [M] 4.0× 10−4 4.0× 10−4 4.0× 10−4
Initial density in the disc at r = rcav ρd [g cm
−3] 8.0× 10−7 6.4× 10−9 8.0× 10−10
Initial surface density in the disc Σd [g cm
−2] 8.0× 105 3.2× 104 8.0× 103 1.7× 103
Table 1. Top rows: reference values calculated for different positions of the disc-cavity boundary rcav. Bottom rows: the reference mass
of the disc, Md0 and initial values of density and surface density taken in the model. The last column shows the typical values from the
model of the MMSN at the distance of 1 AU (Hayashi 1981).
In 3D simulations there are no specific physical restric-
tions to this value (compared with the 2D simulations, e.g.
Mu¨ller et al. 2012), so that any small value can be taken
at which the numerical solution near the planet is stable.
However, the smallest possible value is desirable, because a
large smoothing radius may decrease the value of the corota-
tion torques acting on the planet (e.g. Masset 2002). In our
models, we took a value equal to two grid cells at r = 1.5:
 = 2∆r ≈ 0.025. Test simulations at smaller and larger val-
ues of  have shown that the solution is stable at this value
of the smoothing parameter. The total mass of the disc is
small compared to the mass of the star, and hence we neglect
the contribution to the potential from the disc matter.
Next, we calculate the force per unit mass acting on the
disc, f = −∇Φ, or:
f = −GM∗|x|3 x−
GMp
(|x− xp|2 + 2)3/2 (x− xp)−
GMp
|xp|3 xp . (9)
The first and second terms represent the gravitational forces
from the star and the planet, respectively. The final term
accounts for the fact that the coordinate system is centered
on the star, which is a non-inertial frame due to the presence
of the companion planet.
Numerical method. To solve the hydrodynamic equa-
tions, we use the Godunov-type code developed in our group
for solving different hydro- and magnetohydrodynamic prob-
lems in astrophysics and for modelling migration of planets
in accretion discs (Koldoba et al. 2016). In this paper, we use
the hydrodynamic, three-dimensional version of the code.
Our code is similar in many respects to other codes
which use Godunov-type method, such as PLUTO (Mignone
et al. 2007), FLASH (Fryxell et al. 2000) and ATHENA
(Stone et al. 2008). We solve the entropy conservation equa-
tions in place of the full energy equation.
To calculate the migration of a planet, we use earlier de-
veloped approaches (e.g. Kley 1998; Masset 2000). Namely,
we calculate the potential and forces acting from the planet
onto the disc and calculate the position of a planet using
the value of this force with an opposite sign (see also Kley
& Nelson 2012).
We rotate our numerical grid with a planet and the
position of the planet (relative to the grid) is fixed. Such
approach has been suggested by Kley (1998) and has been
used in a number of planetary codes. In this approach, mat-
ter flow near the planet can be calculated with a higher
accuracy compared to cases of non-rotating grids. In many
recent codes, an orbital advection scheme (the FARGO algo-
rithm), is used, where the layers of the numerical grid have
differential rotation (see Masset 2000 and Bentez-Llambay
& Masset 2016 for 2D and 3D versions of the FARGO code)
8.
The equations of hydrodynamics are integrated numeri-
cally using an explicit conservative Godunov-type numerical
scheme (Koldoba et al. 2016). In our numerical code the dy-
namical variables are determined in the “centers” of cells.
For calculation of fluxes between the cells we use the HLLD
Riemann’s solver developed by Miyoshi & Kusano (2005)
and modified for using the equation for the entropy balance
(see also Miyoshi et al. 2010) and grid rotation. For better
spatial resolution, we performed reconstruction of the primi-
tive variables to the boundaries between calculated cells with
the help of second-order limiter. Integration of the equa-
tions with time is performed with a two-step Runge-Kutta
method. The code is parallelized using MPI.
Boundary conditions. We use “free” boundary condi-
tions ∂A/∂r = 0 and ∂A/∂z = 0 for all variables A. We
forbid the inward flow of matter. We also use the procedure
of damping waves at the inner and outer boundaries, follow-
ing Fromang et al. (2005). Namely, we set the buffer zone
for damping at the inner part of the disc: rin < r < 1.375rin
and at the outer part of the disc: 0.8rout < r < rout.
The grid. We use a 3D grid in cylindrical coordinates
(r, φ, z). The grid is centered on the star. In the radial direc-
tion, the inner and outer boundaries are located at rin = 0.4
and rout = 5.2, respectively. The grid resolution is set to be
8 This algorithm helps to significantly speed up simulations com-
pared with cases of non-rotating and solidly-rotating grids (see
also Mignone et al. 2012; McNally et al. 2017).
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Figure 3. Migration tracks for planets of mass Mp = 5M⊕ and
initial orbital radii in the range of rp = 1.4–1.7. Tracks that start
at rp = 1.45 and rp = 1.5 are shown as dashed and dash-dotted
lines.
higher in the inner region of the disc, where the grid is com-
pressed and evenly spaced in the interval of 0.4 < r < 2.6,
and the number of grid cells is Nr = 176. Outside of this
region, the grid is spaced geometrically, so that the total
number of grid cells in the radial direction is Nr = 232.
The grid is evenly spaced in the azimuthal and vertical di-
rections, where the number of grid cells are Nφ = 480 and
Nz = 80, respectively. In experimental models with thicker
discs, h = 0.05 and h = 0.1, the number of grid cells in the
vertical direction is Nz = 160 and Nz = 320, respectively
(see Appendix A).
4 RESULTS
Initially, the transition between the disc and cavity is very
sharp (see top panel of Fig. 1). However, our equilibrium
is not precise, and the density in the disc has been slightly
redistributed during the first 10-20 rotations. The density
redistribution led to a smoother distribution at the disc-
cavity boundary (see middle panel of the same figure). Later
on, the density distribution in the disc varied only slightly
over time (see the middle and bottom panels corresponding
to t = 20 and t = 100, respectively). The right panel of Fig.
1 shows the linear distribution of the φ−averaged surface
density at t = 0, 20, 50 and 100.
The planet is initialized on a fixed circular orbit; the disc
is allowed to relax from t = 0 to t = 10 before the planet
is released and permitted to migrate. We place a planet in
different parts of the disc, in the cavity and in the disc-cavity
boundary, and investigate its migration.
4.1 Migration in the inner disc
First, as a test case, we model the migration of planets in
the inner disc, where the surface density is approximately
constant. We placed a planet at an initial radius of rp = 2,
away from the disc-cavity boundary, and observed a slow
inward migration towards the star.
The migration path of a planet is mainly determined by
the Lindblad and corotation torques (Goldreich & Tremaine
1979, 1980; Ward 1986; Artymowicz 1993a; Ward 1997). The
Lindblad torque is generated when a planet excites m-armed
waves in the disc with “orbital” frequencies ω = mΩp. The
dispersion relation for these waves in a low-temperature,
low-mass disc is (ω −mΩ)2 = κ2, where κ = ΩKep is
the epicyclic frequency in a Keplerian disc. Substituting
Ω(r) =
√
GM?/r3, the locations of the Lindblad reso-
nances are 9:
rLR = rp
(
m± 1
m
)2/3
. (10)
Fig. 2 shows that a planet generates two spiral density
waves in the disc. It also shows the position of the low-order
Lindblad resonances. The lowest order outer Lindblad res-
onances (OLR) are located at rOLR,m=1 ≈ 1.59rp ≈ 3.18,
rOLR,m=2 ≈ 1.31rp ≈ 2.62, rOLR,m=3 ≈ 1.21rp ≈ 2.42, etc.
All of them are located in the disc and exert a negative
torque on the planet. The lowest-order inner Lindblad res-
onance (ILR), rILR,m=2 ≈ 0.63rp ≈ 1.26, is located inside
the low-density cavity, while the higher order resonances,
rILR,m=3 ≈ 0.76rp ≈ 1.52, rILR,m=4 ≈ 0.82rp ≈ 1.65, etc.,
are located at the disc-cavity boundary and in the disc. They
exert a positive torque on the planet. The torque from the
OLR is larger in magnitude, causing the overall cumulative
torque to be negative. This drives the inward migration of
the planet. Note that the torque per unit radius increases
with m, and the cumulative torque is determined by the
Lindblad resonances with high m−numbers (e.g. Goldreich
& Tremaine 1980).
The corotation torque arises from the material in the
planet’s co-orbital region where Ω ≈ Ωp. The physics of the
corotation torque and its effect on planet migration have
been studied by a number of authors both theoretically
and numerically (e.g. Goldreich & Tremaine 1979; Ward
1991; Ogilvie & Lubow 2003, 2006; Masset & Ogilvie 2004;
Paardekooper & Mellema 2006; Baruteau & Masset 2008;
Paardekooper & Papaloizou 2009a; Kley et al. 2009; Masset
& Casoli 2009, 2010; DA´ngelo & Lubow 2010; Paardekooper
et al. 2010, 2011; Paardekooper 2014).
The co-orbiting material undergoes a horseshoe-shaped
orbits in the vicinity of the planet and asymmetries in the
corotation region lead to exchange of angular momentum
between the planet and the disc matter (e.g. Ward 1991).
Goldreich & Tremaine (1979) used the linear approximation
and calculated the corotation torque as a superposition of
torques from waves excited in the corotation region. They
have shown that the value and the sign of the corotation
torque strongly depend on the sign of the local density gra-
dient.
Tanaka et al. (2002) used the linear approximation to
calculate both the Lindblad and the corotation torques in
2D and 3D isothermal discs, and obtained the total torques
as follows:
Γ(L+C),3D = −(1.364 + 0.541s)Γ0 , (11)
Γ(L+C),2D = −(1.160 + 2.828s)Γ0 , (12)
9 Note that Eq. 10 accurately describes the position of the Lind-
blad resonances if the value of ξ = m(H/r) << 1 (Goldreich &
Tremaine 1980; Artymowicz 1993a). In our main model, where
H/r = 0.03, we obtain this condition in the form: m << 33.
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Figure 4. The horseshoe orbits of gas around a planet of mass 15M⊕, located at the disc-cavity boundary. The colour background shows
surface density.
where Γ0 = (qp/h)
2Σpr
4
pΩ
2
p. Here, Σp ∼ r−s is the surface
density in the disc at the orbital radius of the planet, r = rp.
In 3D isothermal discs, the total torque becomes positive
(and the planet migrates outward) if (1.364 + 0.541s) < 0,
that is, at condition s < −2.52, which corresponds to a high
positive density gradient. In 2D discs, the condition is s <
−0.41. In our disc, the surface density distribution is flat,
s = 0, the total torque is negative, and the planet migrates
inward. Overall, we observed typical type I migration similar
to that observed by other authors who performed 2D or 3D
simulations (see, e.g., review paper by Kley & Nelson 2012
and references therein).
4.2 Migration at the disc-cavity boundary
Next, we study the migration of planets at the disc-cavity
boundary. For that, we place a planet in different parts of
the disc-cavity boundary and its vicinity and study its mi-
gration.
Fig. 3 shows the migration tracks of planets with mass
Mp = 5M⊕, which start at different radii rp from the star,
ranging from rp = 1.4, which corresponds to the low-density
cavity, to rp = 1.7, which corresponds to the inner part of
the disc. This figure shows that the planets starting just
outside the disc-cavity boundary (at rp = 1.65 and rp = 1.7)
migrate inward due to differential Lindblad torque, which
is analogous to the migration in the disc discussed in Sec.
4.1. The torque is mainly determined by the OLR, because
many of the ILR are located in the low-density cavity. The
torque is negative and the planets migrate inward. Later
on, they stop migrating because they reach the regions of
large positive density gradient, where the corotation torque
is high, and their migration stops due to the balance of the
torques.
Planets that start migrating from a region of high den-
sity gradient (rp = 1.45, 1.5, 1.55) migrate rapidly outward.
Later on, when they reach the parts of the disc with a lower
density gradient, their migration slows down and stalls at
the radius where the positive corotation torque is balanced
by the negative Lindblad torque.
Fig. 3 shows that the orbits of the planets migrat-
ing from smaller and larger radii converge at the radius
of rtrap ≈ 1.6, which corresponds to the planet trap ra-
dius. This analysis shows that there is a stable halting re-
gion where the positive corotation torque balances the neg-
ative differential Lindblad torque, and therefore the planet
is trapped.
In another set of numerical experiments, we studied the
migration of planets with mass Mp = 15M⊕ and observed
a similar convergence of migration paths at the radius of
rtrap ≈ 1.65. However, the planets migrated approximately
three times faster, which is in agreement with the depen-
dence for the migration time scale, τ ∼ M−1p , derived from
theoretical studies (see, e.g. Eq. 70 of Tanaka et al. 2002).
The corotation torque is associated with the asymmetry
of the horseshoe shaped orbits of matter near a planet (Ward
1991). Namely, in the coordinate system of the planet, the
co-orbital matter performs U-turns near the planet, such
that the matter in front of the planet transfers its angular
momentum to the planet, while the matter behind the planet
takes angular momentum away from the planet.
Fig. 4 shows an example of the strong asymmetry of the
horseshoe orbits around a planet with mass Mp = 15M⊕,
located in the region of the high density gradient (rp ≈ 1.5).
One can see that matter in the upper horseshoe (located at
the right side of the plot) carries more mass (and angular
momentum) than the lower horseshoe (left side of the plot).
Matter comes to the upper horseshoe orbits from the high-
density disc (located above the planet in the plot), while
matter to the lower horseshoe comes from the low-density
cavity (located below the planet in the plot). The positive
torque associated with the upper horseshoe is much larger
than the negative torque associated with the lower horse-
shoe, and the planet migrates outward.
To investigate the asymmetry of the torques acting
at the disc-cavity boundary, we calculated the torque per
unit disc mass (e.g. Masset et al. 2006a; DA´ngelo & Lubow
2008)10:
dΓz
dM
=
1
2piΣavg
∫ ∞
−∞
∫ 2pi
0
γzdφdz (13)
as a function of normalized radius (r − rp)/rp, where
γz = ρ(x)
∂Φp
∂φ
=
GMpρ(x)
(|x− xp|2 + 2)3/2 rrp sin(φ− φp) (14)
is the torque per unit volume (torque density) acting on the
10 Since the aim of this work is to study migration, we consider
only the z component of the torque, which tracks the forces in
the disc plane.
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Figure 5. Torque profiles. Top panels: torque per unit disc mass for planets with masses 5M⊕ and 15M⊕, located at distances rp = 1.5
and 1.7 from the star, at t = 20. Bottom panels: cumulative torque as a function of normalized radius.
planet from the disc, and Φp is the gravitational potential
of the planet (second term in Eq. 8). The top panels of Fig.
5 show torque per unit mass for planets with masses Mp =
5M⊕ and Mp = 15M⊕. The bottom panels of the same
figure show the cumulative torque, i.e., the torque density
integrated over a given radius.
Fig. 5 shows that, for a planet that migrates from radius
rp = 1.7 (dashed line), both the inner and outer Lindblad
resonances contribute to the torque on the planet. The total
torque from the OLR is larger in magnitude, causing the
cumulative torque to be negative. This drives inward mi-
gration of the planet, as shown in Fig. 3. For a planet at
rp = 1.5, there is a strong positive torque from the region
interior to the planet, resulting in a large positive cumulative
torque (bottom panels). This large, positive torque causes
the planet to migrate rapidly outward.
The degree of asymmetry between the torques sets the
direction of the planet’s overall migration. This net torque
can be measured by integrating the torque density over the
simulation region:
Γz =
∫
V
γzdV = GMp
∫
V
ρ(x)
rrp sin(φ− φp)
(|x− xp|2 + 2)3/2 dV .
(15)
We calculated the time-averaged torque (during the time
interval of t = 10 − 60) acting on the planets located at
different distances rp from the star. Fig. 6 shows that the
positive torque on the planets at the disc-cavity boundary
(red triangles) is much larger than the negative torque act-
ing in the disc or cavity. This contrast shows how powerful
the trapping mechanism is: the planets that try to migrate
into the cavity enter the region of a high positive density
gradient and experience strong positive torque, which pre-
vents them from migrating. One can see that the torque is
zero at rtrap ≈ 1.6 and rtrap ≈ 1.65 for planets with masses
Mp = 5M⊕ and Mp = 15M⊕, respectively. Planets in these
regions are stably trapped, because the torque interior to
rtrap is positive and drives outward migration towards the
trap; similarly, the torque exterior to rtrap is negative and
also drives inward migration towards the trap. Overall, these
3D simulations confirm the results of the earlier studies by
Masset et al. (2006a) and Morbidelli et al. (2008), who pre-
dicted the existence of stable planet traps in their 2D simula-
tions. Below, we compare results of our 3D simulations with
results obtained in theoretical studies and 2D simulations.
4.3 Non-linear horseshoe drag and the width of
the horseshoe region
The corotation torque associated with horseshoe orbits has
been calculated in general, non-linear approach by Ward
(1991) in 2D isothermal discs as:
ΓHS =
3
4
ΣpΩ
2
px
4
s
[
dlog(Σ/B)
dlogr
]
, (16)
where B = (1/2r)d(r2Ω)/dr is vorticity, and B/Σ is specific
vorticity (or vortencity). The torque depends strongly on the
half-width of the horseshoe region, xs. For low-mass planets
(where qp << h
3) located in isothermal discs, xs has been
estimated as:
xs ≈ ksrp
√
qp/h , (17)
where slightly different values of ks were found in different
studies: ks = 0.96 (Masset 2001) and ks = 1.16 (Masset et
al. 2006b; Paardekooper & Papaloizou 2009b).
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Figure 6. The time-averaged total torque. The plot shows
〈
Γtotz
〉
versus planet radius rp for the planets with initial orbits near the
disc-cavity boundary. The torques are computed by time averaging between t = 10 (when the planet is first allowed to migrate) and t =
60. Left and right panels show the torques for planets with masses Mp = 5M⊕ and Mp = 15M⊕, respectively.
We can find the values of xs and ks from our simu-
lations. Fig. 7 shows streamlines of matter flow around a
planet of mass 5M⊕, with its initial location at rp = 1.5,
at different moments in time: t = 20, 100, 150, 200. Initially,
at t = 20, the planet is located at the steep part of the
density slope, and the horseshoe orbits are strongly asym-
metric. Later on, a planet moved to larger radius, rp ≈ 1.6,
where the density gradient is not as high, and orbits become
somewhat more symmetric. However, in all cases the upper
and lower horseshoe orbits originate in the regions of high
and low density, respectively, which provides asymmetry in
the corotation torque. From Fig. 7, we find the approxi-
mate value of the observed width of the horseshoe region,
∆r ≈ 0.11 and obtain xs = 0.5∆r/rp ≈ 0.034. Using this
value, and taking rp = 1.6, qp = 1.5 × 10−5 and h = 0.03,
we obtain ks ≈ 0.95. This value is in agreement with earlier
findings 11.
4.4 Saturation of the corotation torque
The horseshoe corotation torque is prone to saturation,
because a planet exchanges angular momentum with the
co-orbital matter, which cannot transfer the angular mo-
mentum to other parts of the disc unless new matter en-
ters the corotation region due to viscosity or some other
mechanism (e.g. Ward 1991; Masset 2001; Masset & Ogilvie
2004; Ogilvie & Lubow 2006). Saturation will not occur if
new matter enters the horseshoe region with the time scale
smaller than the libration time scale (Masset 2001, 2002):
τlib =
8pi
3x¯s
Ω−1p , (18)
during which a fluid element at the orbital radius rp(1 + x¯s)
completes two orbits in the frame corotating with the planet.
11 Note that our value of xs is somewhat smaller than the value
ks = 1.16 obtained from most recent 2D simulations (e.g. Mas-
set et al. 2006b; Paardekooper & Papaloizou 2009b). The half-
width of the horseshoe orbits found by Masset & Benite´z-Llambay
(2016) and Lega et al. (2015) in their 3D simulations is about 10%
smaller than that observed in 2D simulations.
The disc turbulence, which provides an effective viscosity,
can help to prevent the corotation torque from saturation.
In our model we switched the module of viscosity off, which
helped us to support the same density distribution at the
disc-magnetosphere boundary 12.
However, in our model, the saturation does not oc-
cur, because planets migrate rapidly, so that new matter
comes into the horseshoe region due to the planet’s migra-
tion (e.g. Paardekooper et al. 2010; Paardekooper 2014). The
torque will stay unsaturated, if the time scale of migration
through the region 2xs is smaller than the libration time
scale: 2xs/r˙p < τlib. The corresponding migration rate is:
r˙p & 1.33× 10−4
(
rp
1.5
)1/2(
Mp
5M⊕
)(
h
0.03
)−1
. (19)
In application to our model, we obtain: r˙p & 1.33 × 10−4
and r˙p & 4.0×10−4 for planets with masses Mp = 5M⊕ and
Mp = 15M⊕, respectively 13. We compare this rate with
the migration rate observed in simulations. Fig. 8 shows the
migration rates obtained from simulations for planets with
mass Mp = 15M⊕ 14. The measured migration rates at the
disc-cavity boundary, ranging as r˙p = 3×10−3−4×10−4, are
comparable or larger than the critical value (obtained from
Eq. 19), and therefore the corotation torque is not saturated.
When the planet reaches the position of zero torque
(rp ≈ 1.6 − 1.65) the migration stalls, and the corotation
torque can be saturated. However, at the disc-cavity bound-
ary, the conditions for saturation may be different com-
pared with other parts of the disc. Namely, the processes
which support the disc-cavity boundary, will also support
the asymmetry of the horseshoe orbits, and would prevent
the saturation of corotation torque. For example, in cases of
the disc-magnetosphere boundary, the density in the disc is
12 We analyze the role of viscosity in Appendix B.
13 To obtain the migration rate in dimensional units, one should
multiply r˙p by v0 from Tab. 1. For example, for cavity located at
1 AU we obtain: r˙p × v0 ≈ 3.6× 10−3 km s−1.
14 The migration rate has been estimated by measuring the slope
between the start and the midpoints of the migration tracks.
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Figure 7. Streamlines of matter flow around a planet of mass 5M⊕ with initial location at rp = 1.5 at t = 20, 100, 150, 200. The colour
background shows the surface density, Σ. The circle shows the position of the planet (not to scale).
Figure 8. Absolute value of the migration rates of a planet of
mass Mp = 15M⊕, with initial orbital radii ranging from rp =
0.8–2.0. The downward pointing (in blue) triangles indicate in-
ward migration, while the upward pointing triangles (in red) in-
dicate outward migration.
always larger than the density in the cavity. The balance be-
tween the matter pressure in the disc and the magnetic pres-
sure in the cavity establishes rapidly, on a time scale com-
parable with the Keplerian rotation at the boundary (e.g.
Romanova et al. 2003; Blinova et al. 2016), which is much
shorter than the libration time scale. Therefore, a sharp den-
sity gradient and asymmetry of the horseshoe orbits would
always be supported at the boundary, and therefore high
viscosity or rapid migration are not required to prevent the
corotation torque from saturation. In cases of disc-cavity
boundaries of different origins, the details of saturation de-
pend on the physics of these boundaries and should be stud-
ied separately.
4.5 Comparisons with 2D simulations of planet
trapping
Masset et al. (2006a) considered the migration of low-mass
planets of 1− 15M⊕ at the disc-cavity boundary, where the
disc and the cavity have uniform surface densities of Σo and
Σi, respectively. They supported this configuration, placing
different values of α−parameter of viscosity in the disc and
in the cavity (α = 10−4 and α = 10−2, respectively), which
helped them to evacuate matter from the cavity in steady-
state fashion. Compared with their simulations, we consider
inviscid discs, where the quasi-steady disc-cavity configura-
tion is supported for a long time due to very low (numerical)
viscosity.
Masset et al. (2006a) considered the disc-cavity bound-
aries with the width of the transition region, λ ≈ 4H <<
r, and density ratios between the disc and the cavity of
Σd/Σcav = 7 and 1.4. In our simulations, we have simi-
lar width of the transition region, λ ≈ 0.2 ≈ 4.4H, but
larger density ratio between the disc and the cavity, which
is ρd/ρcav = 100 in the equatorial plane, which corresponds
to Σd/Σcav ≈ 14 for surface densities.
Masset et al. (2006a) noted that, in the transition
region, the term dlogΣ/dlogr is a sharply peaked func-
tion with a maximum that scales as |dlogΣ/dlogr|max ∼
r/λlog(Σo/Σi) . The left panel of Fig. 9 shows typical sur-
face density distribution in our model and the distribution of
the power −s = dlogΣ/dlogr with radius. One can see that
−s has small values at the edges of the disc-cavity bound-
ary, but is sharply peaked at −s ≈ 36 in the middle of the
boundary, at r ≈ 1.45.
Masset et al. (2006a) analyzed the radial distribution
of the main terms in the horseshoe corotation torque, ΓC ∼
Σdlog(Σ/B)/dlogr :
Σ
dlog(Σ/B)
dlogr
= Σ
dlogΣ
dlogr
− ΣdlogB
dlogr
, (20)
where the left and right terms are associated with the sur-
face density gradient and the vorticity gradient, respectively.
Masset et al. (2006a) compared these two terms and con-
cluded that they are comparable and both contribute to the
corotation torque (see Fig. 1 from Masset et al. 2006a).
We also calculated and compared these terms, taking
one of our models, where a planet of mass 5M⊕ started its
migration at rp = 1.55 and migrated outward. The right
panel of Fig. 9 shows these terms separately and their sum
at the moment of time corresponding to t = 100. One can
see that the density gradient term is much larger than the
gradient of vorticity term. This can be explained by the fact
that in our model the density gradient at the disc-cavity
boundary is larger than that in the model of Masset et al.
(2006a).
Masset et al. (2006a) observed that planets migrating
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Figure 9. Left panel: The radial distribution of the azimuthally-averaged surface density, Σ (solid line), and the power in the density
distribution, −s = dlogΣ/dlogr. Vertical lines and small circles show the range of parameters at which the low-mass planets are trapped.
Right panel: Components of the horseshoe torque associated with the density gradient (dashed line), with the gradient of vorticity, B
(dash-dot line), and the total torque (solid line).
from the disc halt their migration at the edge of the disc,
before entering the low-density cavity. In our simulations
we also observed that the migration halts at the disc edge,
before entering the sharp boundary, though we considered
the migration from either side, from the disc or from inside
the boundary.
From the left panel of Fig. 9, we see that the trapping
region is located in parts of the disc with relatively small
positive density gradients. Left and right vertical lines show
the positions of the planet trap, rtrap ≈ 1.6 and rtrap ≈ 1.65,
for planets with masses of 5M⊕ and 15M⊕, respectively. The
density gradients are −s = 3.3 and −s = 1.2, respectively.
These values approximately correspond to the value of s ≈
−2.52 for zero torque in Eq. 12 from Tanaka et al. (2002)
for 3D discs 15.
Note that a large density drop is not necessary for
planet trapping: simulations show that planets are trapped
at the parts of the disc with relatively small values of the
positive density gradient (see also Sec. 4.7).
Overall, our 3D simulations confirm the trapping mech-
anism proposed and studied by Masset et al. (2006a) in 2D
simulations. Our Fig. 6 and Fig. 1 from Masset et al. (2006a)
show that the positive corotation torque strongly increases
when a planet moves away from its trapping location to-
wards the disc-cavity boundary, and therefore the boundary
represents a stable trap for the low-mass planets.
4.6 Comparisons with 2D models of adiabatic
discs
In our simulations, we used the adiabatic equation of state
16. Below, we compare results of our 3D simulations with
2D simulations of Paardekooper et al. (2010), who stud-
ied torques acting on the low-mass planets in case of non-
isothermal, adiabatic discs. In their 2D model, no density
15 Note that Tanaka et al. (2002) considered isothermal discs,
while our model is adiabatic. See Sec. 4.6 for comparisons of our
model with 2D adiabatic models.
16 Note that Masset et al. (2006a) used locally-isothermal equa-
tion of state.
jumps were considered, but instead the surface density, tem-
perature and entropy smoothly vary with radius as
Σ ∼ r−s, T ∼ r−β , S ∼ r−ξ . (21)
From their simulations, they derived analytical dependencies
for the linear Lindblad torque and non-linear (horseshoe)
corotation torque (see their equations 14 and 45) as
γΓL/Γ0 = −(2.5 + 1.7β − 0.1s)b¯0.71 , (22)
γΓC/Γ0 = 1.1b¯
(
3
2
− s
)
+
ξ
γ
b¯
(
10.1
√
b¯− 2.2
)
, (23)
where b¯ = 0.4/(b/h), b is the softening parameter in the
equation for the potential of the star-planet system. The
left and right terms in the right-hand side of eq. 23 for the
corotation torque are connected with the vortencity and en-
tropy gradients, respectively.
For comparisons with our model, we take the value of
softening  = 0.025, used in our model, and obtain b =
/rp = 0.025/rp ≈ 0.0167 (at rp = 1.5) and b¯ = 0.4/(b/h) ≈
0.72. We also take into account that in adiabatic discs β =
ξ + (γ − 1)s and take the value γ = 5/3 used in our model,
and obtain the total torque in the form:
γΓ(L+C)/Γ0 = −0.79− 1.61s+ 1.40ξ . (24)
In cases of steady cold discs (which are in the force equilib-
rium) the pressure gradient force is small and pressure varies
only slowly with radius. Then from the ideal gas equation,
one obtains β ≈ −s, and ξ = β − (γ − 1)s ≈ −γs. Substi-
tuting these values to Eq. 24, one obtains that the torque is
positive, if s . −0.2.
To compare our 3D model with the above 2D model,
we integrate different values obtained in our model in z-
direction and obtain surface density, Σ, surface pressure,
Π, surface temperature, T ′ and surface entropy, S′. Fig.
10 shows typical radial distribution of these values at the
disc-cavity boundary. One can see that the surface pressure
is almost constant, as expected, so that the quasi-steady
state is supported across the boundary. The surface entropy
S′ = Π/Σγ ≈ Σ−γ ∼ rγs decreases with radius. The surface
temperature is connected with pressure and density through
an ideal gas law: T ′ = Π/Σ (in our dimensionless units),
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Figure 10. The radial distribution of the azimuthally-averaged
values at the disc-cavity boundary at t = 100: the surface density,
Σ (solid line), surface pressure, Π (dash-dot line), surface entropy
S′ (solid line), and surface temperature, T ′ (dashed line).
and is approximately inverse function of the surface density,
T ′ ∼ Σ−1 ∼ rs.
Our simulations show that the migration of planets
halts at radii r ≈ 1.6 − 1.65. From Fig. 10 we derive the
slope in the surface density distribution in the interval of
radii of 1.6 < r < 1.65 and obtain an approximate value
of s ≈ −(2.0 − 2.3). This value is larger than the value ob-
tained from the theoretical estimates, s ≈ −0.2. The differ-
ence may be due to the fact that our simulations are three-
dimensional, while the comparisons were performed for two-
dimensional discs. For example, in cases of isothermal discs,
Tanaka et al. (2002) obtained zero torque at s ≈ −0.41 for
2D discs, and s ≈ −2.52 for 3D discs. We suggest that in
cases of adiabatic discs, the zero-torque value of s can be
also different in 3D discs versus 2D discs.
4.7 Minimum density drop for planet trapping
In our model, the surface density ratio between the disc and
cavity is high, Σd/Σcav ≈ 13.6. Such a high density ratio is
not necessary for trapping. In this section we estimate the
minimum density ratio which is necessary for trapping.
Our simulations show that planets are trapped at the
edge of the disc, before reaching the sharp density drop
at the disc-cavity boundary. They are trapped in parts of
the disc where the positive density gradient −s ≈ 3.3 for
M = 5M⊕ and −s ≈ 1.2 for M = 15M⊕. Tanaka et al.
(2002) found from semi-analytical studies, that the posi-
tive corotation torque balances the negative Lindblad torque
(when a planet can be trapped) at −s = 2.52 (in the case of
3D discs).
To estimate the minimum density drop, which is needed
for trapping, we consider a cavity with a linear distribution
of the surface density, which varies from Σd in the disc at
r = rd to Σcav in the cavity at r = rcav. Then we can write
the power s in the surface density slope as
− s = dlogΣ
dlogr
=
∆logΣ
∆logr
=
log(Σd/Σcav)
log(rd/rcav)
. (25)
One can see that the power s depends on the density drop,
Σd/Σcav, and also on the ratio rd/rcav = 1/(1 − ∆r/rd),
where ∆r = rd − rcav is the width of the transition region.
Using these approximations, we can estimate the density
drop. For example, in our simulations rd ≈ 1.6, rcav ≈ 1.4,
∆r ≈ 0.2, ∆r/rd = 0.125 and rd/rcav ≈ 1.143. Then for
values of −s = 1.2 and −s = 3.3 we obtain Σd/Σcav ≈ 1.2
and 1.6, respectively. If we take −s = 2.52 from Tanaka
et al. (2002) (see Eq. 12) then we obtain Σd/Σcav ≈ 1.4.
These estimates show that a small density drop is sufficient
for trapping low-mass planets. We note that Masset et al.
(2006a) tested the trapping region with the density drop of
Σd/Σcav ≈ 1.4 in their 2D simulations and observed planet
trapping.
5 APPLICATIONS
A planet can be trapped at the disc-cavity boundaries, which
are expected in several places of the protoplanetary discs.
5.1 A planet trap at the disc-magnetosphere
boundary
Young low-mass stars at the centers of protoplanetary sys-
tems tend to be highly magnetized due to the onset of con-
vection in their protostellar cores (e.g. Donati & Landstreet
2009). The stellar field truncates the inner disc, creating a
low-density magnetospheric cavity, where the matter ram
pressures in the disc balances the magnetic pressure of the
stellar field (e.g. Ko¨nigl 1991). This density transition be-
tween the low-density magnetosphere and the higher-density
accretion disc has a sharp positive density gradient due to
the truncation by the magnetic field (e.g. Romanova et al.
2002, 2003; Romanova & Lovelace 2006.
A migrating planet which encounters this boundary be-
comes trapped due to this sharp density gradient at the
disc-magnetosphere interface. For a typical T Tauri star,
the magnetospheric boundary is located at ∼ 0.05− 0.1 AU
and may serve as the final barrier, preventing planets from
migrating all the way into their host stars. The accretion
rates in the disc around young stars may span several or-
ders of magnitude, from M˙ ∼ 10−7−10−11M/yr, meaning
that the size of the magnetospheric cavity can also differ
substantially between young stellar systems (e.g. Hartmann
2000).
If the disc accretion rate declines and the magneto-
spheric radius increases, the trapped planet will move out-
ward with the inner edge of the disc due to the action of the
corotation torque (Masset et al. 2006a; Liu et al. 2017). Liu
et al. (2017) suggested that this mechanism may be respon-
sible for the dispersal of low-mass planets at r . 1 AU and
their observed nearly homogeneous distribution with peri-
ods.
5.2 A planet trap at the dust sublimation radius
and at the dead zone
Observations of protoplanetary discs show an infrared excess
at 3 µm, which can be attributed to an inner disc edge at
a distance coinciding with the dust-sublimation radius of
the system (Dullemond et al. 2001). Exterior to this radius,
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the disc is cold and dusty, and the MRI-powered accretion
(which is sensitive to the ionization fraction in the disc)
proceeds slowly.
However, interior to the dust sublimation radius, the
gas disc is optically thin and the ionization fraction is high.
As a result, the viscosity provided by the MRI turbulence is
large and accretion interior to the dust sublimation radius
proceeds efficiently. The result is an evacuated low-density
inner cavity surrounded by a cold, higher density disc. Mi-
grating planets which encounter this inner cavity may be-
come trapped at the density transition and migrate in or
out if the dust sublimation radius changes as the young star
moves along the Hayashi track towards the main sequence.
Infrared observations of protoplanetary discs show that
these inner cavities can range from ∼0.1 to 4 AU in size,
depending on the luminosity of the star (Muzerolle et al.
2003; Akeson et al. 2005; Monnier et al. 2005). The outer
edge of this cavity may act as a trap for inwardly migrating
planetesimals, allowing for the gradual buildup of planetary
embryos in this region (Morbidelli et al. 2008).
The low-mass migrating planets may also become
trapped at the inner edge of a dead zone (Gammie 1996;
Matsumura et al. 2007; Guilera & Sa´ndor 2017), where the
ionizing radiation does not penetrate far enough into the disc
to sustain MRI-driven accretion (Masset et al. 2006a). The
surface density in the dead zone is expected to be substan-
tially higher than the density in the inner regions, where the
MRI-driven turbulence is ongoing. As such, the inner edge
of the dead zone may serve as a trap for migrating plan-
ets. Like the dust sublimation radius, the inner dead zone
radius may change in time, causing planets trapped at the
inner edge to move in or out correspondingly (Masset et al.
2006a; Kretke & Lin 2012).
5.3 Planet traps at snow lines
The positive density gradients can also form at snow lines,
associated with the phase transition from liquid to frozen
states. Each molecular species has its own condensation
front, depending on its unique freeze-out temperature, and
therefore several snow lines are expected in protoplanetary
discs. At the snow line, a sudden change in viscosity is ex-
pected due to a sharp increase in the grain-to-dust density
ratio, and the changes of the turbulence properties (driven
by MRI).
The snow lines associated with freezing of water are
the closest to stars and are expected to be at distance of
several AU (e.g. Kretke & Lin 2007). The positive density
gradient and the corresponding corotation torque can stop
Type I migration of several Earth mass cores (Zhang et al.
2007), which are necessary for the formation of giant planets
(Pollack et al. 1996) and their survival at 2-3 AU.
Recently, the ∼ 30 AU snow line associated with the
freezing of CO molecules has been resolved in T Tauri star
TW Hya by ALMA telescope (e.g. Qi et al. 2013), which
was a proof that snow lines are a prominent features in pro-
toplanetary discs.
Note that at the snow lines, and other types of disc-
cavity boundaries, the positive corotation torque can also
be connected with the negative entropy gradient (e.g.
Paardekooper & Mellema 2006; Kley & Crida 2008; Kley
et al. 2009; Paardekooper & Papaloizou 2009c; Hasegawa &
Pudritz 2011; Lega et al. 2014). This is an additional phys-
ical mechanism which may stop migration of planets at the
disc-magnetosphere boundary.
6 CONCLUSIONS
We present global 3D simulations of low-mass planets mi-
grating near the edge of a disc cavity. The main points of
this study are as follows:
• For planets migrating far from the cavity boundary, the
migration proceeds due to the excitation of density waves at
the Lindblad resonances. However, migrating planets which
encounter the boundary experience a large positive corota-
tion torque due the the positive surface density gradient at
the disc-cavity interface.
• There exists a region in the disc where the magnitude
of the corotation torque is equal and opposite to the differ-
ential Lindblad torque, resulting in a region where a planet
experiences zero net torque from the disc. Interior to this re-
gion, the net torque is positive due to the corotation torque
and the planet migrates outward; similarly, exterior to this
location, differential Lindblad torque is larger in magnitude
and the net torque is negative, resulting in inward migra-
tion. Hence the zero-torque region is a stable “planet trap”
as any perturbations in either direction result in a torque
which pushes the planet back toward the trapping region.
• An accretion disc around a young star may have several
planet traps wherever there is a large positive surface density
gradient in the disc. Such density gradients may appear at
the edge of the magnetospheric cavity, at the inner edge of
the dead zone, at the dust-sublimation radius, or at snow
lines. As the disc’s accretion rate or the stellar luminosity
change in time, the locations of these boundaries may shift.
Planets which are trapped at the density gradients are likely
to migrate along with the boundary.
• The observed dispersed distribution of low-mass planets
at r . 1 AU may be connected with trapping of migrating
planets at different distances from their host stars.
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APPENDIX A: DEPENDENCE ON THE DISC
ASPECT RATIO
In this study, we chose a relatively small initial aspect ratio,
h/r = 0.03, which corresponds to cold thin discs expected
in protoplanetary systems. However, in some instances, the
inner parts of the disc can be thicker due to stellar irradia-
tion, or some other reasons. In order to investigate the effect
of the disc height on planet migration, we performed calcu-
lations at larger initial disc aspect ratios: H/r = 0.05 and
0.1. For that, we fixed the disc’s surface density profile at
Σ = 4× 10−4 = const and also fixed the density (and pres-
sure) distributions in the equatorial plane as ρeq ∼ r−3/2,
peq ∼ r−3/2. Then, the fiducial densities in the discs with
aspect ratios 0.05 and 0.1 are ρd = 2.0×10−3 and 1.0×10−3,
respectively. The fiducial density in the cavity is taken to be
Figure A1. Discs with different aspect ratios. From top to bot-
tom: density distribution in the rz−plane in three discs with dif-
fering aspect ratios of H/r = 0.03, 0.05, and 0.10 but identical
surface density profiles.
ρcav = 10
−2ρd. Fig. A1 shows the resulting density distribu-
tion for discs with H/r = 0.03, 0.05, and 0.1.
In models with larger aspect ratios, we increased the size
of the simulation region in z−direction: in the cases of the
discs with an aspect ratio of H/r = 0.05, the region spans
z= -1.0 to +1.0, and the number of grid cells Nz = 160. In
the cases of the discs with an aspect ratio of H/r = 0.1, the
region spans z= -2.0 to +2.0, and the number of grid cells
Nz = 320.
To compare the torques acting on the planets in discs
with different H/r, we measure the torques on the plan-
ets located at rp = 1.5 (the disc-cavity boundary) and
rp = 2.0 (in the disc). Fig. A2 shows the torque per unit
mass (top row) and cumulative torque (bottom row) on the
planet as a function of normalized radius, time averaged
from t = 10− 80. Evidently, the net torque on the planet is
diminished by increasing the disc’s aspect ratio for both the
planet at rp = 1.5 where the corotation torque is important
and at rp = 2.0 where the differential Lindblad torque dom-
inates. The bottom panels of Fig. A2 show that the tidal
torque’s dependence on the aspect ratio is nonlinear, with
much stronger torques in thinner discs. This is due to the
fact that as the disc thickness increases, less mass is concen-
trated near the disc midplane. For the corotation resonance,
this means that less matter participates in the horseshoe or-
bit and the magnitude of the corotation torque is smaller.
Similarly, for the Lindblad torques, the amplitude of the
surface density perturbations raised by the planet is smaller
and the torque again weakens.
The implication of these results is that for reasonable
values ofH/r, varying the disc height does not change the di-
rection of the migration; however, it may strongly modify the
migration time scale of the planet. This effect is especially
significant for the planets interacting with the disc-cavity
boundary where the corotation torque is important. How-
ever, since the migration direction is unaffected, the planet
trapping mechanism is robust across the varying disc aspect
ratios.
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Figure A2. Torque profiles for different disc aspect ratios for a planet with mass Mp = 15M⊕. Top row: the torque per unit mass as
a function of normalized radius for planets starting at rp = 1.5 and 2.0 in three discs with differing aspect ratios, but identical surface
density profiles. Bottom row: same as the top row, but showing the cumulative torque as a function of normalized radius. The profiles
are time averaged over t = 70.
APPENDIX B: DEPENDENCE ON VISCOSITY
In viscous discs, the disc matter moves inward, enters the
horseshoe region and can prevent the corotation torque from
saturation. To prevent saturation, the viscous time scale
across the horseshoe region should be smaller than the horse-
shoe libration time scale (e.g. Masset 2001):
x2s
3νvis
<
4pirp
(3/2)Ωpxs
. (B1)
Following Masset (2001), we take the value of the half-width
horseshoe region in the form of xs = 0.96rp
√
qp/h and ob-
tain the minimum value of viscosity required for saturation:
νvis = 0.035
(
qp
h
)3/2
r2pΩp . (B2)
Taking into account that νvis = αH
2Ωp, we obtain the min-
imum value of the α−parameter of viscosity:
α = 0.035q3/2h−7/2 ≈ 4.3× 10−4
(
Mp
5M⊕
)3/2(
h
0.03
)−7/2
.
(B3)
For planets with masses 5M⊕ and 15M⊕, the minimum val-
ues of α required for the unsaturation of the corotation
torque are α ≈ 4.5× 10−4 and α ≈ 2.2× 10−3, respectively.
Our main simulations were performed at zero viscos-
ity. Here, we test the role of viscosity in our model. We
switched on the module of viscosity and investigated the
migration of a planet with mass 15M⊕, located at rp = 1.5,
in discs with different values of the viscosity parameter:
α = 10−5, 10−4, 10−3 and 10−2. We observed that, in all
cases, the planet migrates outward (see Fig. B1). However,
the migration rate is highest at the lowest values of the vis-
cosity parameter α. This dependence is the opposite of that
expected in the cases where the viscosity is responsible for
the unsaturation of the corotation torque. The reason for
this dichotomy is specific to our model: the corotation torque
is unsaturated due to the rapid migration of the planet from
the disc-cavity boundary, while accretion due to viscosity is
a slower process. In addition, in the presence of viscosity, the
disc-cavity boundary becomes wider, and therefore the den-
sity gradient (and the migration rate) becomes lower. Fig.
B2 shows that the density gradient does not change signifi-
cantly if α . 10−3. Therefore, our quasi-steady model of the
disc-cavity boundary is only applicable in the cases of low
values of α.
In the above example, a planet migrates rapidly from
the region of the high density gradient. If a planet is located
in the part of the disc with a lower density gradient, then
the outward migration rate is lower, and the viscosity may
dominate in the unsaturation of the corotation torque.
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Figure B1. Variation of the planet’s semi-major axis rp in time
in simulations with different values of viscosity parameter α in
the disc for a planet with mass Mp = 15M⊕ and initial value
rp = 1.5.
c© 2002 RAS, MNRAS 000, 1–??
18 Romanova et al.
Figure B2. The surface density distribution in the vicinity of the disc-cavity boundary for three moments in time, t = 10, 50, 100, for
different parameters of α−viscosity in the disc and a planet with mass Mp = 15M⊕.
.
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